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@ Critical points of E = harmonic maps.
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°
6E(pt) = —(7(9), V),
with V = §¢.
@ Euler-Lagrange equation associated to E :
7(¢) = tracegVde = 0.
@ Conformal invariance if dim M = 2.
@ Generalise harmonic functions, geodesics, totally geodesic

maps, holomorphic maps (between Kahler manifolds),
minimal submanifolds.
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Eells-Sampson Theorem (1964)

@ If M is compact and Riem" < 0 then there exists a
harmonic representative in each homotopy class.

@ Geometric flow method, importance of curvature.

@ Non-existence of harmonic degree one maps from T? to S?
(V metrics).

@ Hopf map S® in 2.
@ Holomorphic maps from S? in S2.
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Vector fields

@ Vector fields seen as maps from M to TM (manifold with
dim = 2dim M).

@oc:M— TMand do : TM — TTM.

@ TTM = H&® V where

@ V =kerdr for 7 : TM — M canonical projection and
@ H = kerK with K = d(expoR_, o 7).
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Bitangent bundle

@ Y(x,e) € TM, V(x ) and Hiy ) are isomorphic to T,xM.

@ If (x,e) € TM, then vectors of T(, ¢y TM can be written as
X"+ YV where X, Y € TyM.

@ Sasaki metricon TM :

G(Xh7 Yh) - g(X7 Y)7
G(X" YY) =0,
G(X",Y") =g(X,Y)

@ G Riemannian metric on TM, connection, curvature, etc...
@ Sasaki rather rigid.
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Vector fields

@ Foro: M — TM,
do(X) = X"+ (Vxo)¥

@ Energy functional foro : M — TM

E(o) = dImM / Vo2 vg
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Vector fields

@ Two variational problems for o :

@ i) critical points among vector fields — harmonic sections
< vertical part of 7(c) = 0.

@ ii) critical points among all maps from M to TM —
harmonic maps < 7(o) = 0.

@ Tension fields
(o) = (V*V0)" + (R(0,Veo)e)"

@ If M compact, harmonic section or map =- parallel.
@ Dead-end.
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Vector fields : alternatives

@ i) Unit sections, i.e. of T'M.

@ ii) other metrics than Sasaki, then discussion.
@ iii) other functional (volume, biharmonic).

@ iv) other bundle v/
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Homogeneous fibre bundles (CMW)

@ Let G be a Lie group, £ : Q — M a G-principal fibre bundle.

@ Let HC Galiesub-groupand N=Q/Hthen(: Q— N
is an H-principal sub-bundle.

@ Then ¢ = wo ¢ where 7 : N — M is fibre bundle with fibre
G/H, isomorphic to Q xg G/H.

@ Assume G/H is reductive, i.e. g = h & m and
Adg(H)m C m.

@ M is equipped with a Riemannian metric g, G/H with
G-invariant metric and Q with a g-valued connection w.
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@ Then TIN=V & H,
@ V =kerdr = (.(keré&,) and H = (.(kerw,).

@ Trivialisation of V with the canonical fibre bundle mg — N,
associatedto (: Q> N=1:V — mq.

@ Connector ¢((+E) = qewn(E) € mg forall E € T4Q.
@ Therefore metric hon N defined by h = 7*g + (¢, ¢).
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@ Take a group reduction of £ : Q — M.

@ i.e. an H-principal sub-bundle ¢’ : @ — M of Q.

@ The submanifold ¢(Q’) C N is transverse to the fibres of
m:N— M, ie T{(Q) CH.

@ Hence ¢(Q') associates to any x € M a unique element of
N, i.e. it defines a section of 7 : N — M.

@ and vice-versa, Q = (' (a(M)).

@ The reduction Q" ¢ Q will be called harmonicifo : M — N
is harmonic (as section or map).
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Example : almost hermitian structures

@ Qs the fibre bundle of unitary frames, G = O(n) and
H = SU(k) (n = 2k).

@ h is the algebra of skew-symmetric matrices commuting
with Jp = (?kk g:)

@ m is the set of skew-symmetric matrices anti-commuting
with Jp.
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The universal complex structure

@ On 7* TM universal complex structure J defined for y € N
by

@ J(y) is the automorphism of T,)M whose matrix, in any
frame of (~'(y), is given by Jp.

@ g is the fibre bundle of skew-symmetric endomorphisms
of TM.

@ The fibres de hg (mg) above y € N are skew-symmetric
endomorphisms of T (,)M which commute (anti-commute)
with 7 (y).

@ An element 3 of gq decomposes into

1 1
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@ Ifoisasectionof 7: N — Mthen J = ¢*7 is an almost
complex structure.

@ Functional
dmM 1 1 o
E(0)=—5—+ 2/M4ywy Vg.

@ and /(7o) = [V*VJ,J].
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Harmonicity of almost hermitian structures

@ Ifoisasectionof 7: N — Mthen J = ¢*7 is an almost
complex structure.

@ Functional
dmM 1 1 o
E(0)=—5—+ 2/M4ywy Vg.

@ and /(7o) = [V*VJ,J].
@ So Jis a harmonic section iff V*VJ and J commute.
@ Jis a harmonic map if, moreover, it satisfies

9 (R(E;,2),J),VgJ) =0, VZ
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Examples harmonic structures

@ If Jis nearly-Kahler, i.e. VxJ(X) = 0, then J is a harmonic
map.

e If Jis (1,2)-symplectic, i.e. VJ(JX,JY) = =V J(X, Y),
then J is a harmonic section iff Ricci* is symmetric.

@ Ricci*(X,Y) = (R(X,E))JE;, Y).
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@ An almost contact structure on a Riemannian manifold
(M, g) is the data :

@ A unit vector field £ and a tensor (1, 1) 6 such that :
°

0°=—ld+n®¢

with n(X) = g(¢, X).
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@ Almost complex manifolds xS'.
@ Hypersurfaces of an almost complex manifold.

@ S® c S® where SP is the unit sphere of imaginary Cayley
numbers with its vector product u x v.

e J(X) = N x X is nearly-Kahler.
@ S° (x’ = 0) equipped with ¢ = —JSB(%) and
$(X) = J¥(X) +1(X) 52, is almost contact.
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@ Frame bundle, G = SO(m)
@ Reduction to the group H=U(n) x 1 = m=2n+1

Op -I, O
@ Matrix ¢oo=| Ix O 0

0O --- 0
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@ Matrix ¢oo=| Ix O 0
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@ Frame bundle, G = SO(m)
@ Reduction to the group H=U(n) x 1 = m=2n+1
(@n —I 0)
@ Matrix ¢oo=| Ix O 0
O --- 0
@ H={Ac G:AppA' =¢p}and h = {ac g: [a, ¢o] = 0}.
@ Butm=my &mp
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The angle of reduction

@ Frame bundle, G = SO(m)
@ Reduction to the group H=U(n) x 1 = m=2n+1

(@n —I, 0)

oMatrix¢0: Ixy O O

0 --- 0

@ H={Ac G:AppA' =¢p}and h = {ac g: [a, ¢o] = 0}.
@ Butm=my &mp

oemy={acg:{a ¢} =0} and

mpy={acg:{an®&bH}=0},&%=(0,---,0,1) e R, ng
its dual.
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The angle of reduction
@ g =h & my & myp, Ad(H)-invariant.
® ay = —}(do{a do} + ao (m ® &),
8my; = %(¢0[av ¢0] —ao ("70 ® 50))! Am, = {a7 Mo & 50}
@ my and my = two equations for harmonic sections.
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@ g = hdmy @ mpy, Ad(H)-invariant.
© ay = —}(do{a do} + ac (m @ &)),

am, = 3(¢0la, do] — ao (N0 ® &o)), @m, = {810 ® &0}
@ my and my = two equations for harmonic sections.
@ Universal almost contact structure.
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@ g = hdmy @ mpy, Ad(H)-invariant.
® a, = —3(do{a ¢o} + ao (no @ &),

am, = 3(¢0la, do] — ao (N0 ® &o)), @m, = {810 ® &0}
@ my and my = two equations for harmonic sections.
@ Universal almost contact structure.
@ Pull-back by 0 : M — N.
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Harmonicity equations

@ First harmonic sections equation :

(5°%9J,J] = 0

@ Second harmonic sections equation :

1i _
V*VE = |VEJP — 5J otrace(VJ @ ¢)
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Harmonicity equations

@ First harmonic sections equation :
¥, J] = 0
@ Second harmonic sections equation :
V*VE = |VEJP — %J otrace(VJ ® )
@ Harmonic maps equation :

<?E,-J7 [IE{(E,,X), J]> + 8<VE,'£7 R(EMX)€> =0 vVXeTM.
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Energy functional

dmM 1 [ 1
E(0) = — +2/M4|VJ|2+|V§|2vg.
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Examples of harmonic structures

@ Hypersurface of a Kéhler manifold, harmonic structure iff £
harmonic unit vector field.

@ S2Mt1 < ¢ with Hopf vector field is harmonic, as section
and as map.

@ Sasaki manifold (K&hlerian cone) has a harmonic
structure, as section and as map.
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Nearly cosymplectic structures

@ Definition : (Vx0)(Y) is anti-symmetric in X and Y.

@ Then ¢ is a Killing field with geodesic integral curves
(Ve& = 0).

@ Example S° in SB.

@ If nearly cosymplectic structure then
@ harmonic section
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Nearly cosymplectic structures

@ Definition : (Vx0)(Y) is anti-symmetric in X and Y.

@ Then ¢ is a Killing field with geodesic integral curves
(V€ =0).

@ Example S° in SB.

@ If nearly cosymplectic structure then

@ harmonic section

@ harmonic map.
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Nearly cosymplectic structures : method for section

@ 1 :re-writing of harmonicity equations
[V, J] = 0
and .
V*VE = |VE2e — 50 trace(VJ @ €)

in terms of curvature.
@ The first harmonic section equation is equivalent to :
@ Ricci*(X, Y) = Ricci*(0X,0Y)
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Nearly cosymplectic structures : method for section

@ 1 :re-writing of harmonicity equations
[V, J] = 0
and .
V*VE = |VE2e — 50 trace(VJ @ €)

in terms of curvature.
@ The first harmonic section equation is equivalent to :
@ Ricci*(X, Y) = Ricci*(0X,0Y)
@ The second harmonic section equation becomes
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Nearly cosymplectic structures : method for section

@ 1 :re-writing of harmonicity equations
[V, J] = 0

and .
V*VE = |VE|PE — 50 trace(VJ ® €)

in terms of curvature.
@ The first harmonic section equation is equivalent to :
@ Ricci*(X, Y) = Ricci*(0X,0Y)
@ The second harmonic section equation becomes
® V*V¢ — |VEEE = —[R(F;, 0F;),6]¢
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@ 2 :second covariant derivative

02 =—ld+n®¢

to obtain expressions of curvature.
@ —R(X,Y,X,Y)+ R(X,Y,0X,0Y) =
[(VxO)(Y)IZ + g3(Y, Vx€)
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Nearly cosymplectic structures : method for section

@ 2 :second covariant derivative

02 =—ld+n®¢

to obtain expressions of curvature.

@ —R(X,Y,X,Y)+ R(X,Y,0X,0Y) =
[(VxO)(Y)IZ + g3(Y, Vx€)

@ RIW,X,Y,Z)— R(OW.,0X,0Y,02) = ...
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@ 3 : combining of the two :
@ The first harmonic section equation is always satisfied.
@ The vector field ¢ is harmonic and R7 (F;, 0F;)¢ = 0
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Nearly cosymplectic structures : method for section

@ 3 : combining of the two :
@ The first harmonic section equation is always satisfied.
@ The vector field ¢ is harmonic and R7 (F;, 0F;)¢ = 0

@ hence the second harmonic section equation is also
satisfied.
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@ Same method for

(Ve [R(E;, X), J]) + 8(VEE, R(E, X)§) =0 VX € TM.
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Nearly cosymplectic structures : maps

@ Same method for
(Ved, [R(E;, X),J]) + 8(VEE, R(Ei, X)¢) =0 VX € TM.
@ Establish that
R(Y, X, W.Z)— R(Y,X,0W,0Z) =

—9((Vw0)(2), (Vy0)(X)) + 9(Y, Vx)9(Z, Vwe)
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@ implies VX € F

<?E,’J’ [ﬁ(Ela X)v J]> =0
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Nearly cosymplectic structures : maps

@ implies VX € F

(Ved,[R(E;, X),J]) =0
@ and in the direction of £

<?E,-J7 ['E{(Ela é)a J]) =0
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Nearly cosymplectic structures : maps

@ implies VX € F

(VeJ,[R(Ei, X),J]) =0
@ and in the direction of £

(Ve d, [R(E;,€),J]) =0
@ Finally for any vector in TM

(VEL R(E;, X)E) =0
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Nearly cosymplectic structures : maps

@ implies VX € F

(VeJ,[R(Ei, X),J]) =0
@ and in the direction of £

(Ve d, [R(E;,€),J]) =0
@ Finally for any vector in TM

(VEL R(E;, X)E) =0

@ so o is a harmonic map.
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